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^ ■ We investigate a large class of supersymmetric magnetic brane solutions supported 

^ ! by f/(l) gauge fields in AdS gauged supergravities. We obtain first-order equations in 

2 ■ terms of a superpotential. In particular, we find systems which interpolate between 
AdS£)_2 X (where VL^ = or H'^) at the horizon and AdS/j-type geometry in the 

Q_i' asymptotic region, for A < D < 7. The boundary geometry of the AdS^-type metric 

^ . is Minkowski£)_3 x . This provides smooth supergravity solutions for which the 
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boundary of the AdS spacetime compactifies spontaneously. These solutions indicate 
the existence of a large class of superconformal field theories in diverse dimensions 
whose renormalization group fiow runs from the UV to the IR fixed-point. We show 
that the same set of first-order equations also admits solutions which are asymptot- 
ically AdSD_2 X but singular at small distance. This implies that the stationary 
AdSD_2 X solutions typically lie on the infiection points of the modulus space. 
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1 Introduction 



Anti-de Sitter (AdS) spacetime has a natural boundary which, under the Poincare 
patch, is a Minkowski spacetime. This provides a simple but non-trivial example with 
which the holographic principle can be tested through the AdS / CFT correspondence 
[1, 2, 3]. Since AdS spacetime can exist in higher-dimensions (-Dmax = 7 in super- 
gravities), it is worth studying the possibility of spontaneous compactification of the 
AdS boundary. Any Ricci-flat perturbation on the boundary is consistent with the 
equations of motion of pure Einstein gravity with a negative cosmological constant. It 
is of interest to obtain solutions in gauged supergravities whose asymptotic geometry 
is described by the metric 

dsl^e^'''dsl_^ + dz\ (1.1) 

where the metric ds^_^ is not Ricci-flat. This metric cannot be Einstein for general 
z, since the corresponding Ricci-tensor is given by 

4. = -iD-i)e. (1.2) 

However, at the boundary with 2; — > oo, the spacetime is Einstein even for non- 
vanishing Rab, provided that it is smooth. In this paper, we consider boundary 
metrics of the type 

ds%_i = dx^ dxi, + dfll , (1.3) 

where dQ"^ is the metric of a two-sphere S"^, hyperbolic two-plane or two-torus T^. 
We will refer to the metric (1.1), with the boundary given by (1.3), as the AdS- type 
metric. 

Brane solutions whose boundary metric is given by (1.3) have been studied in 
various dimensions [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. They are all supported by a 
set of 2-form field strengths, which are proportional to the volume of Q^, together 
with a set of scalars and a supcrpotential. Thus, these solutions can be viewed as the 
magnetic duals of the AdS black hole solutions obtained in [15, 16, 17, 18, 19, 20]. 
Smooth and supersymmetric solutions of this type have hitherto been limited to H^, 
with the exception of a smeared NS5- brane on S'^ [10]. 
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The case of iS^, with the radius given by A^-*^, provides a simple procedure for 
wrapping extra dimensions. This enables one to make contact between D-dimensional 
gauged supergravities and {D — 3)-dimensional quantum field theories. In fact, in- 
vestigations into the possibility that our D — 4 world arises as a spontaneous com- 
pactification of a D = 6 theory on Minkowski4 x S"^ has a long history . In 1953, 
Pauli attempted, in one of his many unpublished works, to obtain an SU (2) Yang- 
Mills field from such a compactification of pure six-dimensional Einstein gravity [21]. 
Such a solution was later obtained in [22], where additional gauge and Higgs fields, 
together with a scalar potential, were added. A six- dimensional supergravity theory 
with such a solution was constructed in [23]. However, the string or M-theory ori- 
gin of this supergravity theory remained to be understood. In this paper, we have 
obtained brane solutions in D = 7 gauged supergravity whose boundary is precisely 
the metric (1.3). This suggests that the effective action at the boundary (with an 
UV cut-off for inducing gravity) of our brane solution is precisely the aforementioned 
six-dimensional gauged supergravity. 

We use a simple method to obtain first-order equations which describe such solu- 
tions and obtain smooth solutions for which is the metric for an S*^, as well as an 

and T^. We begin by performing a Kaluza-Klein reduction on S^, keeping only the 
singlet of the group action 5*0(3). The resulting [D — 2)-dimensional theory consists 
of the metric and a set of scalars with a scalar potential. We find that there exists a 
superpotential, which enables us to obtain the first-order equations for a domain wall 
solution. Lifting this system back to D dimensions yields a magnetic {D — 3)-brane. 

With this method, we obtain the first-order equations for a large class of solutions, 
which include previously-known solutions as well as new ones. Although we have not 
found the most general analytical solutions, their qualitative structures can easily be 
investigated. In particular, numerical analysis shows that there is a large class of 
solutions which smoothly interpolate between AdS£)_2 x fi^ geometry in the horizon 
and AdS£)-type geometry in the asymptotic region, where fl^ can be or and 
A < D <7. There are also solutions which have the asymptotic geometry AdS£)_2 x 
and are singular at small distance. The stationary solutions of AdSD-2 x with 
constant scalars and their M-theory and string theory interpretation have already 
been reported in a letter [24] . 
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This paper is organized as the follows. In the next section, we re-derive magnetic 
brane solutions in D-dimensional AdS Einstein-Maxwell gravity by using the {D — 2)- 
dimensional superpotential. In sections 3 and 4, we use the superpotential method 
to find single-charge and two-equal-charge branes in D-dimensional AdS gauged su- 
pergravities, respectively. In sections 5-8, we consider general multi-charge branes 
in various dimensions. Analytical solutions are found for the single-charge branes, 
whereas numerical analysis is used when there are multiple charges. The ten and 
eleven dimensional origins of our solutions are described in section 9. Conclusions are 
presented in section 10. 



2 Branes in AdS Einstein-Maxwell gravity 

Let us consider a D-dimensional theory with the Lagrangian 

e-^£ = /2-^Fj^+A, (2.1) 

where e = V--g, -?^(„) = c?^(n-i) ^-nd the cosmological constant is given by —A. We 
perform a dimensional reduction on an n-dimensional space with the ansatz 

= emA-"fi(„), (2.2) 

where 

/ n {D-n-2)a 

" = -V2p-2)p-n-2)' ^= n ■ ^'-'^ 

The reduction is consistent and the resulting (£)— n)-dimensional Lagrangian becomes 

e-'£^R-l{dipf-V{ip), (2.4) 

where the scalar potential is given by 



V = Ie2^2g2(i?-n-i)a^ - en{n - 1) A^e^^"'^ - Ae^"^ . (2.5) 



2" 

l2 



The constant e = 1, — 1 or 0, corresponding to dQf^ being the metric for a unit n- 
sphere, hyperbolic n-plane or n-torus, respectively. We would like to express the 
scalar potential (2.5) in terms of a superpotential W. Namely, 

V = i^-^r - ^^^W^ . (2.6) 
^ d^' 2{D-n-2) ^ ' 
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We find that this to be possible only for n = 2, in which case the superpotential is 
given by 

y^^(eme(^-')"'^ + 2A2m-^e"'^), (2.7) 

provided that the constraint A = ^^~^-'^2 is satisfied. Note that, in the case of e = 
which corresponds to a 2-torus, the 2- form field strength vanishes. In fact, in this 
case we find that, if we do turn on F^^), then there is a superpotential only in eleven 
dimensions, which is given by 

1 8 2 

W ^ ^(Sme'^"^ + Am-^eV7'^y (2.8) 

Though a curious feature, since there is no vector field in the eleven-dimensional 
sector of M-theory we shall not further consider this case. 

We can now construct a domain wall solution in {D — 2) dimensions, with the 
metric ansatz 

ds\)_2 = e^"^ dx^ dx^ + dy^ , (2.9) 

where A and </? are assumed to depend only on the transverse coordinate y. The 
equations of motion are given by 



-{D-3)(D- 4) A'^^V, (2.10) 

where a prime denotes a derivative with respect to y. Since the scalar potential can 
be expressed in terms of a superpotential, these second-order equations can be solved 
by the first-order equations 

^dW 1 
^'^V2^, A'^ ^ W. (2.11) 

We lift these equations of motion back to D-dimensions, expressed in terms of the 
coordinate p such that the solution takes the form 

ds]j = e^'^dx^'dx^ + e^" X-^d^ll + dp"^ , 

F(2) = emA-2Q(2). (2.12) 



The first-order equations for the functions u and v are given by 

du _ 2A^-6m^e-^^ dv _ 2A^ + (D - 3) em^ e'^^ 

dp~ m ^J2{D -2){D -2,) ' dp ~ m y/2{D - 2){D - 3) ' 
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(2.13) 



which have the solution 



6^" =6 rnV2(D-2)(D-3) ^ _ V ^ u ^ _ II — O . (2.14) 

2A2 ' Y L> - 3 3 m ^ L> - 3 ^ ' 



With the new coordinate r = A ^ e'', the solution can be expressed as 

= emA-'Q(,) = e-^^^AQ(,), (2.15) 

where = 1 + ^^^5^- It is interesting to note that, once the cosmological constant 
is fixed, there is no free parameter associated with the F(2) field strength. This is 
rather different from the standard brane solution, in which the charge of a supporting 
field strength is typically an arbitrary integration constant. In the present case, it is 
uniquely determined by a supersymmetric condition, which translates into the condi- 
tion presented below (2.7). For vanishing e, the above solution is purely gravitational 
with locally AdS/j geometry. 

The second derivative of the function u with respect to the co-moving coordinate 
p is given by 

d^u _ 2eH 

d^ ~ (L'-2)(L>-3)r2 ■ ^ ' 

We find that, for e = 0, d'^u/dp^ = 0. For e = —1, we have d^ujdp^ < 0. In 
both cases, the solution is regular everywhere. On the other hand, if e = 1, then 
d^u/dp^ > and the sohition is singular. Thus, there seems to be a clear correlation 
between the singularity structure and the sign of d^u/dp^. This is rather different 
from supersymemtric domain wall solutions where Sujdf? — —{dWjd^Y always 
non-positive regardless the singularity structure [26, 27] . 

These solutions are among those that have already been found in [12] by solving the 
D-dimensional equations of motion directly ^, and the corresponding Killing spinors 
have been determined in [13]. The cases of the D = 5 magnetic string and the D — A 
"cosmic monopole" can be embedded in iV = 2 gauged supergravity [4, 6, 8]. 

^To recover the notation of [12], let A = ^ and m = ^f^^Ep-Q^'^- 
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3 Single-charge branes in AdS gauged supergrav- 
ities 



The above analysis is only applicable in gauged supergravities in D = 4 and D — 5, 
since in gauged supergravities in D > 6, the 2- form field strengths always have a 
dilaton coupling. In general, a 2-form field strength couples to a dilatonic scalar in 
the following fashion: 

£^_ie-«^F(2,, (3.1) 

where the constant a can be parameterized as [28] 

, , 2(D-3) , , 

a^ = A-A__2. (3.2) 

Here, A takes the values 4/iV with N = 1,2, 3,4. In [29, 30], the iV = 1 solitons are 
considered as building blocks, while the = 2, 3, 4 solitons are considered as thresh- 
old binding states of these basic building blocks, since the field strength associated 
with N > 1 can be viewed as linear combinations of those with = 1. In this section 
and the next, we consider magnetic brane solutions in AdS gauged supergravities 
supported by a field strength whose dilaton coupling is characterized as A = 4 and 2. 
Hence, they can be viewed as single-charge and two-equal-charge branes, respectively. 
The relevant Lagrangian can be expressed as 



e 



C^R- 'Mf - -e-^^ ^ - y(0) , (3.3) 
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where Oi is given by a in (3.2). The scalar potential can be expressed in terms of a 
superpotential 

V=A- (34) 
^dcp' 2{D- 2) ' ^ ' 

and W is given by 

= 2^ (^^e^"i^ - ^ei"^-^) . (3.5) 

The value of 02, which can be determined by examining the gauged supergravities in 
D = 7,6 and 5, is given by 

2(i^ - 3) 

ai ^2 = ■ (3.6) 
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We can reduce the theory on with the ansatz 
dsl = e^''^dsl_^ + X-^e'"'^dnl, 

F(2, = emA-^a^, , a = ^ =, /?=-|(L>-4)a. (3.7) 

The — 2)-Lagrangian is given by 

e-^C = R-ld(l)^-l{dip)^-V, 

V = ie2^2g-ai0+2(D-3)a^_2gA2e(^-2)«V' + V^e2"^. (3.8) 

As in the previous discussion, e = 1 for 5"^ and e = — 1 for if^. Now it amounts to 
finding a superpotential W such that 

The superpotential exists, provided that ai and a2 satisfy (3.6) and that A, g and m 
satisfy 

(2A^ - /) (L> -2)al- 2{D - 3) / = . (3.10) 
The superpotential is given by 

y(2(L>-3) + a?(L'-2)) ^ ^ 

It is worth noting that the existence of the superpotential only depends on the con- 
dition (3.6), rather than on any specific value of ai. 

In the case of a single-charge brane, A = 4 and hence of = ^^i^- The constraint 
(3.10) becomes 

X'^ ^V2ai^mg, (3.12) 

and the superpotential reduces to 

= -i=eme"i"i'^+(-°-^)"^+ e'^'^iy. (3.13) 

The first-order equations for the {D — 2) -dimensional system are therefore given by 

^'=V2^, <^'-^/2^, A'^-^ W. (3.14) 

^ dip ' ^ d<f) ' V2{D-A) ^ ' 
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Having obtained the first-order equations for tlie D — 2-dimensional domain walls, 
it is of interest to lift these equations to D dimensions so that they correspond to 
magnetic branes. The brane solutions have the structure 

dsl = e^"" dx^" dx" 7],,^ + e^"" X-^ dQl + dp\ 

F(2) = em 0(2) = -^P^ 0(2) , (3.15) 

where the functions u and v and the dilaton depend only on the coordinate p. They 
satisfy the first-order equations 

- = V2[-^^ema,e 2 + _ j , 

dp V2{D-2)\^ ^ ^ /' 

^ = f^eme-i^^-^-'^-iyV (3.16) 

Note that the (0, v) fields form a closed system. (3.16) can be solved exphcitly by 
making the coordinate transformation dp — e"^'^ dy. Defining 

P = g5(a2-ai)</> ^ Q ^ gi (01+02)0+2?; ^ (3-17) 

we find that the first two equations in (3.16) yield 

G' + em + 7G = 0, (3.18) 
where 7 = , . The solution is 

' (D— 3)ai 

f: 777 

G = e-^^ - — . (3.19) 
7 

We have absorbed a trivial integration constant by a constant shift in the coordinate 
y. The dilaton equation of motion gives 

' ^'-^"^«^+4(l-F-). (3.20) 



oi - a2 F AG 
Plugging in G we find that, for D 7^ 5, 



F= \ . (3.21) 

G 
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This yields 

-72/ e m 



g5(ai-a2)</> _ 7_ 



e^" = C2 e-^2/e-^{«i+«2)</> ^ g"'' = (e^^f - —)e-^^''^+''^^'f> . (3.22) 

7 

The metric of the solution can be expressed as 



dsl = {srfH-^^{d4+(l - -Ji^)A-*l) +H^^^^, (3.23) 



where 



H = _ IM , (3.24) 

1 D—3 em , ci ' V / 

^ D-5 7(3r)2 (ffr)^-3 

and the dilaton is given by 

with the new coordinate r = e'"'^/'^. This solution is valid for D ^ 5; we shall 
present the D = 5 solution momentarily. To understand the solution better, it is 
instructive to write the function H — H/W, where the definitions of H and W can 
be straightforwardly read off from (3.24). Then the metric can be expressed as 



dsl = H~D-2 WD-2 



(gry(dx^dxa + HX-'dn'^) + HW-^^-^ . (3.26) 



Thus, the solution can be viewed as an intersection of a domain wall, characterized 
by the function H, and a {D — 3)-brane, characterized by the function H. 

Clearly, the asymptotic infinite region of the metric is r — > 00, in which case 
if — > 1 and the metric behaves as 

dsl = {g rf {dx" dx" + d^l) + ^ . (3.27) 

If e = 0, in which case dVL\ is the metric of a 2-torus, then the above metric describes 
locally AdSi) spacetime. For e = ±1, the above metric can be viewed as a domain 
wall wrapped on O^. 

The full solution with e = 0, also obtained in [31], describes a domain wall. This 
can be viewed as a distribution of branes from the ten or eleven-dimensional point of 
view. Hence, this solution corresponds to the Coulomb branch of the superconformal 
Yang- Mills theory on the boundary [31, 32, 33]. 
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For e = — 1, the metric is regular everywhere provided that the constant Ci = 0. 
The corresponding metric interpolates between AdS£)_2 x at small distance to the 
AdS/3-type metric (3.27) at large distance. When ci is non- vanishing, the ci term can 
dominate at small distance and hence the metric can become singular. 

For e = 1, the solution is always singular at small distance. The singularity can 
be naked if H vanishes at the singularity but can coincide with the horizon if H is 
divergent at the singularity. The nature of the singularity depends on the specific 
value of the constant Ci. 

Let us now look at the examples of L> = 7, 6, 5 and 4 in detail. 



3.1 3-brane in D = 7 

This solution was also obtained in [9]. In this case, the dilaton and the function H 
are given by 

-j^ em 

e^<^ = H= .y^^ . (3.28) 

-1 2e m _|_ Cl V / 

For e = — 1 and ci = 0, the metric is regular everywhere, which approaches AdSs x 
at small distance. For Ci ^ 0, the metric has a singularity which is naked if Ci > 
and which coincides with a horizon if ci < 0. The structure of the singularity is 
qualitatively the same as the domain wall singularity corresponding to e = 0. 
If we set Cl = and rescale the coordinates as the following: 

gr^kgr, ^ ^x" , (3.29) 

then by sending A; — we obtain the geometry AdSs x with a constant dilaton. 
If we instead take ci = cim/j then, after sending A; — > 0, we obtain the solution 

d.? = ^j^dx^dx^^-^^dnl + H^/^^^, 

= 2 + -^. (3.30) 

When r — > oo, the metric becomes AdSs x if^, where AdSs approaches the boundary. 
Depending on the sign of Ci, the metric approaches a singularity at r = or at some 
finite value r — Tq. In both cases, the singularity coincides with a horizon. However, 
for Cl > the metric components of H'^ diverge while, for ci < 0, they vanish. 
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This is rather different from our previous solution (3.28) with Ci = 0, in that the 
structure of AdSs x occurs at the asymptotic region instead of at the horizon. It is 
rather interesting that the AdSs x can be in both the IR region, as in (3.28), and 
in the UV region, as in (3.30). This indicates that the stationary solution AdSs x 
lies on the inflection point of the modulus space. 

For e = 1, the function H has a simpler form when ci = c*, where c* = In 
this case. 

Thus, the singularity at small distance coincides with the horizon. Clearly, for Ci < 
c\, the denominator of H in (3.28) approaches zero first and hence the singularity 
coincides with the horizon. On the other hand, for ci > c* the numerator of H in 
(3.28) approaches zero first and hence the singularity is naked. 

3.2 Membrane in i:> = 6 

In this case, the dilaton and the function H are given by 

1 - 



H = .^^^ . (3.32) 



The singularity structure is similar to that of D = 7. For e = — 1 and Ci = 0, we 
recover a smooth solution that goes to AdS4 x in the IR limit. For ci > 0, the 
denominator of H in (3.32) is strictly positive and we have a naked singularity. On 
the other hand, for ci < the singularity is located on the horizon. 

If we set Cl — and perform the rescaling (3.29), then for A; — > we obtain the 
geometry AdS4 x with a constant dilaton. If we instead take Ci = kciui/j, then 
after sending A; — > we obtain the solution 

H-^ = 3 + — , (3.33) 
gr 

which approaches AdS4 x H"^ in the asymptotic region, where AdS4 approaches the 
boundary. The short-distance behavior is dependent on Ci. More precisely, while the 
singularity coincides with the horizon for positive and negative Ci, for Ci > the 
length parameter of diverges at the singularity. On the other hand, for ci < it 
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vanishes. Thus, as in the case ol D = 7, the AdS4 x solution appears in both the 
IR and UV regimes. 

Finally, the case of e = 1 can be described in terms of the parameter = 
2(m/7)^/^. For ci > cl there is a naked singularity while, for ci < c^, the singu- 
larity coincides with a horizon. 



3.3 String in D = 5 

One can find the string solution in a manner analogous to the previous cases, with 

A. 

the coordinate transformation dp — dy. The resulting metric has the form (3.26) 
for D = 5 but with the dilaton and the function H given by 

1 



where gr — Q~^9y. This solution was obtained and analyzed in [9]. Here, we make 
a further observation for e — —1 that if we make the rescaling (3.29), accompanied 
by Cl = (ci — \ogk)m/ {s/^ig), then after sending /c — > the function H becomes 
= Cl + log(5fr) and the metric (3.23) becomes 

d^l = Iw + TOT + % • 

3.4 Black hole in D = 4 

In this case we have 



'^'-H= • (3.36) 



gr l{grY 

The metric is clearly singular regardless of the sign of e. For e——l, the singularity 
always coincides with the horizon. For e = 1, the singularity is naked if ci > c\ = 
— 2(m/7)^/^ but coincides with the horizon if ci < c*. 

For e = —1, we can make the rescaling (3.29) accompanied by Ci = mci/{k'j). 
Then, after sending /c — > 0, the function = c^gr — 1 and the metric (3.23) 
becomes 

Thus, our solution is more general than the previously-known AdS black hole [19, 20]. 
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4 Two-equal-charge branes in AdS gauged super- 
gravities 

For the case of a brane with two equal charges, A = 2 and hence a\ — 2/{D — 2). 
The constraint (3.10) becomes 

X^^a-^^mg, (4.1) 
and the superpotential (3.11) becomes 

= eme"l"i'^+^-"~^)"'^+ e"^iy. (4.2) 

The first-order equations for the (D — 2)-dimensional system are therefore given by 
(3.14). Having obtained the first-order equations for the domain walls, it is of interest 
to lift these equations back to give rise to the first-order equations for the magnetic 
branes, whose structure is given by (3.15). The higher-dimensional equations of 
motion are given by 

^ = fem(Z)-3)e-i«i'^-'" + iyV 

dp V2{D-2)\ ^ ^ r 

^ = (eme--2''^'^-'''-w]. (4.3) 

dp ^/2{D-2)\ ) ^ ' 

Note that the (0, v) fields form a closed system. We can find exact solutions of this 
system only in particular cases. In the case of D = 4, the system can be solved 
exactly but the form of the solution is not very illuminating [11]. However, a simple 
partial solution for D = 4 is given by 

(t>-2v^Agy, | = e""^/^. (4.4) 
4.1 Domain wall solution 

For e = 0, and therefore vanishing fiux, the first-order equations (4.3) can be solved 
straightforwardly by making the coordinate transformation 



D-4 



dp^dxe—""^. (4.5) 
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After applying a second coordinate transformation, {gr)"^'^ = smh(—^^=^x), the 
solution can be expressed as 

dsl = {grfHW^mD=^{dxl + X-^dQl) + 

{gr)'^Ho-2 

e'^ = i/"S (4.6) 

where H = 1 + 1 /{gr)^~^ and r has absorbed a constant factor. In the above, we have 
used the convention that g < 0. This is a domain wall solution which was obtained 
in [31]. 

4.2 Asymptotic boundary region 

For e = ±1, we do not find analytical solutions. Here, we shall present the asymptotic 
behavior at the boundary of the metric. Making the coordinate transformation dp — 
dye^, we express the metric (3.15) as 

dsl = e'''{dx^'dx''ri^, + dy^) + e'^'X-^dnl (4.7) 

When y ^ the boundary conditions are u{y) ~ v{y) ~ —logy, and — 0. The 
solution of (4.3) can be solved near y = as an expansion. For D ^ 5, the result is 



{D-2)g^y^\ 3c2 {D - 3) y/2{D - 2) 
^ {D-^fc^ emg{3D -8) ^ 

{D-2)g^y^\ 3c2 {D - 3) ^2{D - 2) 
^ 2em g 9 , , 

' = ^ + cMC-3)p-6) ^ +■■■■ 

where c is an arbitrary integration constant which measures the relative scale size of 
dQl and dx^dx^. When D — 5, the solution of (4.3) is given by the expansion 

9„ 4 , emg ^ , 

e'^ = -^(1-I^y^ + ...) 
= -^c-^emgy^\og{y) ■■■ . (4.9) 

In this case, the field is dual to an operator of dimension A = 2 [9]. The solutions 
of the two-dimensional wave equation go as and r^logr. Notice that 4> has the 
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second solution only for D = 5, which is the non-normalizable mode associated with 
the operator dual to the field turned on. 

Having obtained the boundary solution, it is of interest to examine how the solu- 
tion flows into the bulk region. In the case of e = 1, since there is no AdSD_2 x 
fixed-point in the system, the solution can only fiow into a singularity in the bulk. 
For the case of e = —1, there is a AdSD-2 x if^ fixed-point and it is natural to expect 
that the solution fiows into this fixed-point in the bulk. We shall examine this in the 
following. 



For e — —1, there are fixed-point solutions with constant v and for D > 5; they are 
given by 



which have the geometry AdSD-2 x H'^. For D — 5, this was found in [9]. For e — 1, 
such a solution would be complex. 

4.4 Interpolating from AdS£)_2 x H'^ to AdS^) 

It is of interest to study whether these fixed-point solutions he in the IR or UV region. 
If AdS£)_2 X H'^ lies in the IR region, then it can smoothly fiow to the UV region 
of the AdS^-type solution (4.9). On the other hand, if AdSD-2 x has in the UV 

region, then it must instead flow into a singularity. 

We study this issue by examining the flow of the solution using the Taylor ex- 
pansion method. If we assume that there exists a solution which is AdSi:)_2 x at 
the asymptotic boundary, then we can Taylor expand to find the next order in the 
solution slightly away from the boundary. We find the following: 



4.3 AdSD_2 





(4.10) 



2(15-3) 2 

m {D - 4)^ {D - 3)T^ 



(l + cy"+---), 



(l-ic(L'-4)y" + ---), 



V2{D-2)g 
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+ lc{D^ -3D-2 + {D- 2) VD'' - 2L' + 7) + • • • ) , (4.11) 

where n = |(D — 5 + \^D^ — 2D — 7) and the coordinate y is defined by dp = e" dy. 
The constant c is a free parameter determining how fast the solution fiows away from 
the AdSD_2 boundary. The solution will fiow into a singularity in the IR region. 

Now, we will instead assume that there exists a solution with AdSD_2 x H'^ on its 
horizon. Then, expanding away from the horizon yields 

e^" = (^D - A)-^^ {D - 3)T^ {D - 2) {1 + cr"" + ■ ■ ■) , 

e- = "^^^-f^^^^-^^"^ (l-ic(2D-7 + V i;^-2i^-7 )r- + ---), 

evw^ = (^) (l 

+ ic {D^ -5D+{D-4) V£>2 _ 2D + 7) r" + • • • ) , (4.12) 

where n— |(5 — D + V-D^ — 2D — 7) and the coordinate r is defined by dp = e~" dr. 
The constant c is again a free parameter determining how fast the solution fiows 
away from the AdSD-2 horizon. In fact, the solution smoothly fiows to the AdSij- 
type boundary solution (4.9). Wc verify this numcricaUy by using (4.12) as our initial 
data. For example. Fig. 1 shows the functions e", e" and e'^^^ for D = 7. We see 
that the dilaton, although not constant, is finite. The functions e" and become 
linearly dependent on the coordinate when the coordinate increases as governed by 
(4.9) with y^l/y. 

To conclude, we find that for two-equal-charge branes there are two types of 
solutions. The first type has AdSD_2 x H'^ in the UV boundary region but is singular 
in the IR region. The second type interpolates between the AdS^-type solution in 
the UV region (4.9) and the AdS£)_2 x solution in the IR region. 



5 Two-charge 3-brane in D = 7 

The maximal gauged supergravity m. D — 1 has SO{b) gauge fields. We consider the 
truncation to the two diagonal C/(l) subsector. The relevant D — 7 Lagrangian is 
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Figure 1: (blue), (red) and (green) for a smooth solution that runs from 
AdSs X at the horizon to an AdSy-type geometry in the asymptotic region. 

given by 

2 

1=1 

-a S 

where Xi = e"^""" with 

ai = (v^,y|), a2 = (-v/2,y|). (5.2) 

The scalar potential V is given by [20] 

V = g^ (-4Xi X2 - 2Xo X^ - 2Xo X^ + ^X^) , (5.3) 

where Xq = (^1X2)"^. The potential can be expressed in terms of a superpotential 
given by 

W = -^{Xo + 2X1 + 2X2) . (5.4) 
v2 

We can consistently reduce the theory on the S"^ with the same metric ansatz as 
before but specializing to D = 7. The ansatz for the two U{1) 2-form field strengths 
is given by 

F^;, = emi A-2fi(2) = ^eq^g'^n^,^ . (5.5) 

We obtain the D = 5 scalar potential 

2 

V = \^ ^m\Xf)e^'^^ -leX^ e""^ e^""^ . (5.6) 

i=l 



19 



It is straightforward to obtain the corresponding superpotential, which is given by 

e 



= -^(^miXri)e^"^ + #e"^, (5.7) 



1=1 

provided that the constraint 

= (mi + 7712)5 (5.8) 

is satisfied. Thus, the charge parameters have the constraint qi -\- q2 — 2. The 
first-order equations of the five-dimensional domain wall are given by 

r- dW r- dW 1 

^; = V2^, ,'^^2-, A'.-^W. (5.9) 
Lifting the equations back to D = 7 yields the equations of motion for the 3-brane: 

% = -^(2\/2£(miA:f'+m2Jf2-')e-=" + »'), 

In the case of 7712 = 0, it is consistent to set 0i = -\/502, and the system (5.10) 
reduces to the D = 7 single-charge system discussed in section 3.1. After taking 
g a/5/6(7 and 02 the exact solution is given by (3.26) and (3.28). This 

solution was obtained in [9]. For mi = m2, the system reduces to the D = 7 two- 
equal-charge system discussed in section 3.2. For general 777j, we do not find analytical 
solutions and so it is instructive to study the solution using numerical approach. 

5.1 General asymptotic region 

We begin by determining the asymptotic behavior in the AdSy-type boundary. As 
discussed in the previous section, we can express the metric in the form (4.7) by 
making the coordinate transformation dp — dye". We have the boundary conditions 
u{y) ~ v{y) ~ —logy, and ^ for small y. The leading terms in the Taylor 
expansion of the solution of (5.10) are given by 

g'^ y^ 30c^ 
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2^ _ _ I3e {mi + 7712)9 ^2 , N 

~ g^y^^ 60c2 ^ ^ ' ' ' 

= + (5.11) 

, e (mi + 777.2) Q 9 

where c is an arbitrary integration constant. The normahzable solutions for (pi and 
02 imply that the dual operators are not turned on. Next, we examine how these 
solutions flow from the above boundary into the bulk. 

5.2 AdSg X and AdSg x 5^ 

For e = ±1, solutions to the equations (5.10) with constant v and $ are given by 



,V-2,. ^ m2-mi±V(m2-mO^ + mim2^ e"^^^ = ^cosh(0i/v^) , 

7712 3 



' V2 



e-'" = Si u^-'-e-vro^p^-—p. (5.12) 



This solution is discussed in detail in [24]. Note that the AdS radius i?ads depends 
on two variables, namely g and the ratial of the charge parameter mi/m2. This is 
because the charges of this system are constrained by gi + g2 = 2, as discussed earlier. 
It is invariant under the simultaneous interchanges t?7i ^ ?772 and 0i ^ —<pi- The 
reality conditions of the solution constrain the constants and g, as well as the 
choice of ± in the solution. Let us first consider the case e — —1, corresponding 
to (KI2 ^ metric of a unit (non-compact) hyperbolic 2-plane. In this case, the 
reahty of the solution imphes that mi m2 > 0. This includes the choices of mi = (or 
m2 = 0) and mi —m2, which were discussed in [9]. The first case gives rise to jV" = 4 
supersymmetry in D = 5, while the second case gives rise to M — 2 supersymmetry. 

Now let us look at the choice of e = +1, corresponding to dVL\ as the metric of S'^. 
In this case, the reality conditions for (5.12) imply that 71117112 < 0. The condition 
(5.8) implies further that mi ^ —7112- Therefore, the AdS^ x S*^ solution can only 
have N — 1 supersymmetry but cannot arise from the pure D — 7 minimal gauged 
supergravity. 

If we define a charge parameter q — 2mi/{mi + m2), then the condition for having 
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S'^ versus can be summarized as the following: 



?e[0,2] =^ H\ 
g e (-00,0) or (2,oo) 5^ (5.13) 

The solution was hfted to D = 11 in [24], and the corresponding metric describes 
a warped product of AdSs with a six-dimensional space which can be viewed as S'^ 
bundle over or S"^. In the latter case, the solution provides a concrete example of 
a supersymmetric and smooth compactification of M-theory to AdSg [24] . 



5.3 Interpolating from AdSs x H'^ to AdSj 

As discussed above, AdSs x arises for mi m2 > and e = —1. The special cases 
of a single non-vanishing or mi = m2 have been discussed in sections 3 and 4, 
respectively . We now consider the general case of m^ with mi m2 > 0. As in the 
previous cases, AdSs x H"^ can occur at either the boundary or the horizon of the 
AdSs. In order to demonstrate this, we use a special case of mi = 16, m2 = 6 and a 
positive sign in (5.12). For simplicity, we also set g — 1- As a boundary solution, the 
Taylor expansion of the metric components and the scalars goes as 



g2« 



= f (l)^/^y-^(l + cy" + ---), 
e'^ = 6(450)V5(i-^c|/"+---), 

2(25n-68)^ ^ ^' 

4>2 



c{n+l) 
2{n - 4) ^ 

where the coordinate y is defined to be dp = e" dy and c is an arbitrary integration 



constant. The constant n can take two values: n = 2orn = l-|- |\/193. Clearly, this 
solution will flow into a singularity in the bulk. 

On the other hand, as a solution near the horizon, we find that the Taylor expan- 
sion of the next to leading order is given by 



. 6(450) V^(l-^(^^^^ + ^"^fg^ %- + ■■■), 
2(805 + 59^193) 
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Figure 2: Plots of e" (blue), e'" (red), e*^^/^ (green) and e*^^/^^ (purple) in a smooth 
solution that runs from AdS(5) x at the horizon to the AdSy-type geometry in the 
asymptotic region. Note that the two scalar curves are almost identical on this scale. 
mi = 16,1712 = 6, g = 1, and c = —0.1. 

2(43 + 5^193) 

e% = my/^'^il r" + ---), (5.15) 

^ 2(15 + v^) 

where n = |-\/193 — 1 and c is an arbitrary integration constant. The coordinate 
r is defined by dp = e~" dr. We can use the above as the initial data to obtain a 
numerical solution. Plots of the functions e", e'', 6*^^/^ and e'^'^^^ are presented in 
Fig. 2, which clearly shows that the solution runs smoothly from AdSs x at r 
to the AdSr-type solution (5.12) at r — > oo. 

5.4 Interpolating from AdSs x S"^ to AdSj 

The AdSs ^ fixed-point arises for mi m2 < and e = +1. The Taylor expansion 
analysis indicates that the solution can occur either in the boundary or the horizon 
of the AdSs. For a concrete example, we choose mi = 5, m2 = ~3, g = 1 and a 
negative sign in (5.12). The boundary solution behaves as 

^2u ^ {f)'/'y-^l + cy- + ■■■), e^^ = (^)V5(l- icy" + ■■■), 



^ v/5(l + ^c." 



n — 10 



23 



1 2 3 4 5 

Figure 3: e** (blue), (red), e'^^l^ (green) and t'^'^l^^ (purple) for a smooth solution 
that runs from AdSjg) x S*^ at horizon to the AdSy-type geometry in the asymptotic 
region. m\ = 5, m2 = —3, g = 1, and c = —0.2. 

= + ■■■)' (5-16) 

where n = 2orn = l + VTS. The constant c is an arbitrary integration constant. 
Clearly, the flow of this solution from the boundary leads to a singularity in the bulk. 
As a horizon, AdSs x S"^ has the behavior 



^2u ^ 


(^)i/V2(l + cr'^ + ■■■), 




e^'' = 


3(15 + 4^15)0 

^ 2(7 + 2v^) ^ ^' 




eV2 = 


/-,_, 5v^c „ , 
V5 1 + =r" + --- , 




eVTo = 


^^•^^ ^ 2(3 + v^) 


(5.17) 



where n = — 1 + vTS, c is an integration constant and r is defined by dp = e~" rfr. We 
can use this solution as our initial data for numerical analysis. The result is plotted 
in Fig. 3. 

The plot clearly demonstrates that there is a smooth solution which interpolates 
between AdSxS*^ at r and the AdSy-type solution (5.12) at r oo. This 
solution provides a concrete framework with which to study the M-theory dual to 

24 



a certain six-dimensional theory whose IR dynamics is given by a D = 4, A/" = 1 
superconformal field theory. 



6 Two-charge membrane in D = 6 

The scalar potential in gauged supergravity with two U{1) isometrics was obtained 
in [31]. Prom this, we deduce that the relevant Lagrangian involving the two C/(l) 
vector fields is given by 

2 

e-'C, ^R- 1(901)2 - lidhf -V-lY.^^' ' (6-1) 

1=1 

where Xi = e'^"" with 

a^ = {V2,^), a2 = {-V2,^). (6.2) 

The scalar potential is given by 

V = Ig^ {X^ - 9X, X2 - 6X0 X, - 6X0 X2) , (6.3) 

where Xq = (XiX2)~^^^. As in the previous case, the scalar potential can be ex- 
pressed in terms of a super potential W, given by 



= (1^0 + 2X1 + 2X2). (6.4) 



We consistently reduce the theory on the -S'^ or H'^ with the same metric ansatz 
as before but specializing to L> = 6. The ansatz for the two U{1) field strengths is 
given by F*^) = errii A^^ il(2) = |e Qi ^(2)- We obtain the D = A scalar potential 

2 

V = CZ.ml X;^) e^" ^ - 2e\^ e""^ + V e^" ^ . (6.5) 

i=l 

It is straightforward to obtain the corresponding superpotential, given by 

2 

= -^(VmiXri)e^"'^ + ll^e"'^. (6.6) 
v2 i=i 



As in the D = 7 case, the constraint = (mi + 1712) g must be satisfied, implying 
?i + ?2 = 2. The first-order equations of the four-dimensional domain- wall has the 
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same form as (5.9), but with A' = —W/{2\/2). Lifting the equations back to D = 6 
yields 

— * ^ 

dp V 2V2 d(t)^ 



dv 1/3 



[—= e (mi 1 + 7112 Xg-') e-"'' + , 



In the case of m2 = 0, it is consistent to set 0i = 202, and the system reduces to the 



D — & system discussed in section 3.1. After taking g — > sjA/bg and 02 ^/'n/S, the 
exact solution is given by (3.26) and (3.32). For general mj, we do not find analytical 
solutions and so it is instructive to study the system using the numerical approach. 

6.1 Asymptotic boundary region 

We can express the metric in the form (4.7) by making the coordinate transformation 
dp — dye^. We have the boundary conditions u{y) ~ v{y) ~ —logy and ^ for 
small y. The leading terms in the Taylor expansion of the solution of (6.7) are given 
by 

- 4g2y2^'+ 18c2 y ^ 

2v _ _ 5e (mi + m2) g 2 , x 

= l + + e^^l + ^^-;+r-)% ^ + ...,(6.8) 

where c is an arbitrary integration constant. As in the case of = 7, the normalizable 
solutions for 0i and 02 imply that the dual operators are not turned on. Next, we 
examine how these solutions fiow from the above boundary into the bulk. 

6.2 AdS4 X and AdS4 x S'^ 

For e = ±1, solutions to the equations (6.7) with constant v and are given by 



3m2-mi± J(m2-mi)2 + -mim2 3 a 

s^"^! = ^- , e-^"^^ = -cosh 

2 m2 '2 ^^2 
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e- = " ^ . „=-a,e-A%.--^p, (6.9) 



which have the geometry AdS4 x H"^ or AdS4 x 5"^ for e = — 1 or +1, respectively. 
These solutions were discussed in detail in [24] and are similar to one found in [10]. 
As in the D — 7 result, we can define a charge parameter q — ^^^^^ . We have H'^ or 
5"^ depending on the following conditions: 

qe[0.2] =^ H\ 
? e (-00, 0) or (2, oo) =^ S^. (6.10) 

When q — or q — 2, the system has jV = 4 supersymmetry. Otherwise, it has M — 2 
supcrsymmctry. Note that the AdS4 radius i?ads depends on only g and mi/m2. 

These solutions have been lifted back to D = 10 massive supergravity in [24]. The 
D = 10 metric describes a warped product of Ads4 with an internal metric composed 
of an 5*^ bundle over 5"^ or H"^. 

6.3 Interpolating from AdS4 x H"^ to AdSe 

As we discussed above, AdS4 x arises for mi m2 > and e = —1. The special 
cases of one non-vanishing m^ and mi = m2 have been discussed in sections 3 and 4, 
respectively . We will now consider the general case of rrii with mi m2 > 0. As in 
the previous cases, AdS4 x H'^ can occur as an asymptotic geometry in one solution 
and a horizon geometry in another. In order to demonstrate this explicitly, we take 
mi = 5, m2 = 2 and a positive sign in (6.9). For simplicity, we also set = 1. As an 
asymptotic boundary solution, the Taylor expansions of the metric components and 
the scalars go as 



g2« ^ 


C-§y/'y-'{l + cy- + ...), 




(648)V4(l-cy" + ...), 


eV2 = 


1 /-^ 12(n+l) „ ^, 
V2 ^ 9n-17 ^ J ' 


<t>2 


/32\l/8/-| (3n+5)(6n-7) n 
Vsi^ V-^ 2(9n-17) 



••), (6.11) 

where the coordinate y is defined to be dp = e" dy and c is an arbitrary integration 
constant. The constant n can take two values: n = 1 or n = i(3 + \/T85). Clearly, 
this solution will flow into a singularity in the bulk. 
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Figure 4: e'^ (blue), (red), e"^^/^ (green) and e'^^/v^ (purple) for a smooth solution 
running from AdS4 x at the horizon to an asymptotic AdS7-type geometry, mi = 
5,7712 = —3, g = I, and c = —0.05. 

On the other hand, for the solution with AdS4 x at the horizon, we find the 
Taylor expansion of the next leading order to be given by 

e'- = (^)VV^(l + cr^ + ---), 
e'^ = (648)^/^1 -l^cr^ + ■■■), 



PI 

e 

?'2 



where n = i(— 3 + vT85) and c is an integration constant. The coordinate r is defined 
by dp = e~" dr. This solution runs smoothly to large distance, where it asymptotes to 
the AdSg-type solution (6.8). This can be demonstrated with numerical calculation, 
using the above Taylor expansions as the initial data. In Fig. 4, the smooth functions 
g0i/V2 g^^^ ^4>2/Vs plotted. 



6.4 Interpolating from AdS4 x S"^ to AdSe 

The AdS4 x S'^ fixed-point arises for mi m2 < and e = +1. The Taylor expansion 
analysis indicates that there are solutions with AdS4 x S"^ in the asymptotic boundary 
as well as at the near-horizon geometry. For a concrete example, we choose mi = 7, 
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1712 = —5, g = 1 and a negative sign in (6.9). The boundary solution behaves as 



= (m)^/' (1-2(^^1/" + •••), (6.13) 

where n = lorn=|(l + -s/35), and c is an arbitrary integration constant. Clearly, 
the sohition runs from this asymptotic region into a singularity in the bulk. 

In the solution whose near- horizon geometry is AdS4 x 5*^, the Taylor expansion 
is given by 



^2v ^ (3|7)(;l/4) (1-^(19 + 2^35) cr^ + ...), 
eV2 ^ ^(1 + A(_25 + 9A/35)cr2 + ---), 

4>2 



^ = (i)^/^(l + |(-3 + 2/775) cr2+---), (6.14) 

where c is an integration constant and r is defined by dp = e^" dr. We can use the 
above Taylor expansion as the initial conditions for numerical calculation. The plots 
of the above functions are presented in Fig. 5, which clearly show that the solution 
runs smoothly to the asymptotic AdSe-type solution given by (6.8). 

7 Three-charge string in D = 5 

Let us now consider the minimal gauged supergravity in D — 5 coupled to two vector 
multiplets. The Lagrangian is given by 

i=l 

with the scalar potential 

3 

T> = -4/^Xr^ (7.2) 

i=l 
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Figure 5: e** (blue), (red), e'i'^l^ (green) and e!^"^!^ (purple) for a smooth solution 
running from AdS4 x 5*^ at the horizon to an asymptotic AdSg-type geometry. m\ = 
7, m2 = —5, g = I, and c = —0.2. 

The quantities Xj are given by 

ai = (v^,-^), a2 = (-v^,-^), a3 = (0,--^). (7.3) 

The scalar potential V in (7.2) can be also expressed in terms of the superpotential 
W, given by 

W = V2gJ2x^. (7.4) 

i 

We now reduce the theory on 5*^ with the previous metric ansatz specializing on 
D = 5. The ansatz for the three U{1) 2-form field strengths is given by 

= e TTii = ie q, g-^ Q^^^ . (7.5) 

The resulting D = 3 scalar potential is 

i 

and the corresponding superpotential is 

W = ^^{J2m,Xr')e'''^ + We"^ , (7.7) 
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provided that the following constraint is satisfied: 

X^^gY^m,. (7.8) 

i 

Thus, the charge parameters Qi satisfy ?i + ^2 + 93 = 2. The first-order equations for 
the three-dimensional system have the same form as (5.9) but now with A' = — ^ W . 
Lifting the equations, we obtain the first-order equations describing the three-charge 
magnetic string in D = 5: 

— * ^ 

^ = \/2( ^ (mi aiXf^ +771202X2"^ + 771303X3-^) e-2'' + 

dp \ 2V2 dcf) ' 



dv 



dp 3V2 



^ (V2 e (7771 + r772 X^^ + 7773 X^^) e-^'" + , 



du 



1= (7771 Xr' + 7772 X^' + 7773 ^3~') e"'" - ■ (7.9) 



dp 3V2 \V2 

A 3-charge string with constant scalars was found in [7]. On the other hand, for 
777i = 7772 = m^, it is cousisteut that 0i and 02 vanish and this system reduces to 
the D — 5 system of section 2, with the solution given by (2.15) [12]. For mi — 1712 
we can consistently set (pi — while keeping 02- In particular, if mi — m^ — 0, this 
system reduces to the D = b system of section 3.1. After taking g ^^3/Ag, an 
exact solution is given by the formulae (3.26) and (3.34). 

For mi = m2 = 7773, it has recently been found that one can consistently set 
01 = -\/302, with an exact solution given by [14] 



dsl = H-'/' 



e 



{grf. 



where we made the coordinate transformation 



dp 



dr {g^Y^ 

and where 



(7.11) 



6777 

For general 777 j, we do not find analytical solutions and so it is instructive to study 
the system with a numerical approach. 
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7.1 Asymptotic boundary region 

We can express the metric in the form (4.7) by making the coordinate transformation 
dp — dye^. The boundary conditions are u{y) ~ v{y) ~ —logy and — > for small 
y. The leading terms of the Taylor expansion of the solution of (7.9) are given by 

2„ _ _J_ , 6 (mi + m2 + ma) g o , x 
g^y^^ 9c2 y +---)^ 

2v _ ( 76(mi + m2 + m3)c/ 2 , ^ 

^ e(mi-m2)^ 2i , /viqn 
eV2 = 1 _ y\ogy + ...^ (7.13) 

% e {mi + 1712- 2mz) g ^ 
eV6 = 1-^ — ^y^logy + ..., 

where c is an arbitrary integration constant. The non-normalizable solutions for 0i 
and 02 imply that the dual operators are turned on, provided that the values of mj 
are such that the fields are non- vanishing [9]. Next, we examine how these solutions 
flow from the above boundary into the bulk. 



7.2 AdSs X and AdSs x 5^ 

For e = ±1, the fixed-point solution is given by 

^V2,. ^ mi / ma + ma -mi x ^Ve,^, _ rm ma (mj - (mi - m^)^) 



ma Vms — ma + mi / m§ (mi + ma — ms)^ 

mi + ma — m3)(m| — (mi — ma)" 



u 



/ [mi + ma - ms j [m^ - [mi - ma j j \ 3 
V mf ml m| / ' 

= evs ( cosh(0i/v^) + ie V 2 *M p = p . (7.14) 

^ ^ -Kads 

This solution was discussed in detail in [24]. The reality condition of the solution 
implies that when three vectors with the magnitudes |mj| can form a triangle, dQ| 
should be the metric. On the other hand, when they cannot form a triangle, 
the metric should be that of 5'^.^ If any of the m^ vanish, there is no fixed-point 
solution, except when one vanishes with the remaining two being equal. The AdSa 
radius depends on g and two of the three charge parameters. 



^AdSs X solutions were also recently found in [14] in a different construction. 
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7.3 Interpolating from AdSs x H'^ to AdSs 

As in the previous cases, AdSs x H'^ can occur either as an asymptotic geometry or 
on the horizon. In order to demonstrate this, we take mi = m2 — 2 and 777.3 — 3. 
For this choice of charge parameters, we can set 0i — 0. For simphcity, we also set 
g = ^. As an asymptotic boundary geometry, the Taylor expansions of the metric 
components and the scalars are 

^2v ^ 2 2^/3(1- |c|/" + ---), 

evi = 2^=^(1 + -^(11 + 3VT7)y" + ---), (7.15) 

where the coordinate y is defined to be dp — e" dy and c is an arbitrary integration 
constant. The constant 77 can take two values: n — |(— 3 + VTZ). Clearly, this 
solution will flow into a singularity in the bulk. 

On the other hand, for the solution with AdSa x H'^ at its horizon, we flnd the 
Taylor expansion of the next leading order to be 

^2v ^ 2 2^3(1 _X(33 + 10^) cr2 + ---), 
evI = 2^3(1 + _i_ (147- iiVT7)r2 + ---), (7.16) 

where c is an integration constant and r is defined by dp = e^" dr. We can use 
this as the initial conditions for the numerical calculation. The resulting plots are 
presented in Fig. 6), which show that the solution runs smoothly from AdS^ x 
at the horizon to the AdSs-type asymptotic behavior given by (7.14). The 3-charge 
string with constant scalars also interpolates between AdSa x H'^ and the AdSs-type 
geometry [7]. 

7.4 Interpolating from AdSs x 5^ to AdS5 

AdSs X can also occur as an asymptotic geometry for one solution or as a horizon 
geometry for another. As a concrete example, let us consider 7?7i = 7772 — —i and 
7773 = 4, for which case we have 0i = 0. For simplicity, we set g — 1- The boundary 
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Figure 6: e" (blue), (red) and e"^^/^ (purple) for a smooth solution running from 
AdSs X at the horizon to an asymptotic AdSs-type geometry, mi = 7712 = 2, 
ma = 3, (7 = 1, and c = —0.05. 



solution behaves as 



= (Tr|4)'^'r'(l+Cl/" + 



. 1024 ' 

n _ 



e^^ = 6-1/3(1- icy" + 



eJi = 6-1/3(1 + ^(11 + 3v/T9)cy" + ---), (7.17) 

where n = |(1 + "\/T9) and c is an integration constant. Clearly, the solution will 
encounter a singularity when it runs away from this asymptotic region. 

For the solution with AdSa x 5*^ at its horizon, the near-horizon behavior is 

g2. ^ 6-1/3 (i_ 1.(11 + 2v/l9)cr" + ---), 
evi = 6-1/3(1 + ^(7- llv/T9)cr" + ---), (7.18) 



where n = |(— 1 + and c is an integration constant. We can use this as the 

initial conditions for a numerical calculation and the results are plotted in Fig. 7. 
This shows that the solution runs smoothly from AdSs x S"^ at the horizon to the 
AdSs-type asymptotic geometry given by (7.14). 
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/ 

1 2 3 4 5 

Figure 7: e" (blue), (red) and e"^^/^ (purple) for a smooth solution running from 
AdSs X S"^ at the horizon to an asymptotic AdSs-type geometry, mi = m2 = — 1, 
ma = 4, g = 1, and c = —0.3. 

8 Four- charge black hole in D = 4 

Let us now consider the f/(l)^ gauged N = 2 supergravity in four dimensions. The 
Lagrangian is given by 

e-'c, =R- i{d<pir - 1(902)^ - Udhr\i2^^"(^:^f - ^ ' (^-i) 

i=l 

with the scalar potential 
The quantities Xi are given by 

ai = (1, 1, 1), a2 = (1, -1, -1), as = (-1, 1, -1), ^4 = (-1, -1, 1).(8.3) 

The scalar potential V in (8.2) can be also expressed in terms of the superpotential 
W, where 

4 

W = V2gJ2^i- (8-4) 

1=1 

We use the metric ansatz (2.12) and take the four U{1) 2-form field strengths to be 

F(2) = errii Q(^2) = \e qi g~^ ^(2) ■ (8.5) 
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A solution will be supersymmetric provided that the following constraint is satisfied: 

X^^gY^rrii, (8.6) 



and hence q'l + q'2 + 53 + q'4 = 2. The equations of motion are given by 

For mi = 1712 — rris — 777.4, it is consistent that (pi and 02 vanish and this system 
reduces to the D = 4 system of section 2, with the solution given by (2.15) [12]. 
For general nii, we do not find analytical solutions and it is instructive to study the 
system using the numerical approach. 

8.1 Asymptotic boundary region 

We can express the metric in the form (4.7) by making the coordinate transformation 
dp = dye^. We have the boundary conditions u{y) ~ v{y) ~ —logy and — >■ for 
small y. The leading terms of the Taylor expansion of the solution of (8.7) are given 

by 

^4 



g2« ^ 



4 



^ 1- ^^=y + (8.8) 

where c is an arbitrary integration constant. As in the cases of D = 7 and 6, the 
normalizable solutions for (pi and (p2 imply that the dual operators arc not turned on. 
Next, we examine how these solutions flow from the above boundary into the bulk. 

8.2 AdS2 X and AdSs x S'^ 

For e = ±1, we have not obtained the general solution for arbitrary rrii. However, a 
class of special solutions results from setting 7772 = 7773 = 7774 [11]. This enables one 
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to consistently set 0i = 02 = 03 = 4>- For this truncation, fixed-point solutions for 
e = ±1 are given by 

^24> _ - mi ± •>/ (mi - m2)(mi - 9m2) ^_2^ _ /i ^ ^ ^^^^ ^ 



g.<p ^ ^ i ^^^^ e-"'' = 45e 



2m2 ' mi e"^"^ — m2 

, /2(mie-i^ + 3m2e^^)_^^ , A, , o„-i^^ „_ 2 



sinh0 + e5'^ + 3e-5<^) p= -— p. (8.9) 



2 V m2 - mi 6-2-^ y • Kads 

This solution was discussed in detail in [24, 11]. The reality condition of the solution 
implies that for e = —1, corresponding to if^, we must have either m2 > and 
< mi < m2 or m2 < and m2 < mi < — 3m2. For e = 1, corresponding to 5"^, we 
must have m2 < and mi > — 3m2. In general, the AdS2 radius depends on g and 
three of the four charge parameters. 

8.3 Interpolating from AdS2 x H'^ to AdS4 

As in the previous cases, AdS2 x can occur at the asymptotic boundary of one 
solution and the horizon geometry of another. This can be demonstrated using Taylor 
expansion. For a concrete example, let us consider mi = 2 and m2 = ma = m4 = 3. 
As shown in the previous subsection, we have 0j = 0. Near the asymptotic boundary, 
the solution behaves as 

e2-=||y-2(i + cy2/5 + ...), e2- = V2(l + ---), ei^ = 2V4(i-Zc|/2/5 + ...). 

(8.10) 

Clearly this solution will run into a singularity in the bulk. 

On the other hand, for the solution with the AdS2 x if^ horizon, the near-horizon 
behavior is given by 



25 ^2(^^^^^...)^ e^" = v^(l-f cr + ---), e2'^ = 2V4(i + Acr + ---), 



1 

V-^ I ^' I y> ^ — V ^ V-^ 19 ' ' ^2 _ ^ V-^ ' 38 

(8.11) 

where c is an integration constant. Using this as initial data for numerical calculation, 

we plot the result in Fig. 8. Thus, we see that the solution runs from AdS2 x at 
the horizon to the AdS4-like geometry (8.8) in the asymptotic region. A black hole 
solution which interpolates between AdS2 x and the AdS4-type geometry was first 
found in [5]. 
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0.5 1 1.5 2 2.5 3 

Figure 8: e" (blue), (red), and e"^^/^ (purple) for a smooth solution running from 
AdS2 X at the horizon to an asymptotic AdS4-type geometry, mi = 2, m2 = rris = 
rrii = 3, (7 = 1, and c = —0.5. 

8.4 Interpolating from AdS2 x S'^ to AdS4 

Analogously, AdS2 x S"^ can also either occur at the horizon region of a solution and 
at the asymptotic region of another. As an example, let us consider mi = 7 and 
m2 = rris = = —2, which implies that (pi = (p. For the solution with AdS2 x S"^ in 
its asymptotic region, the behavior can be studied using Taylor expansion: 

e2" = ^(l+cr6/5+...), e2- = ^(l+---), = 7'^^ {1-^ cr^/'+- ■ ■) , (8.12) 

where c is an arbitrary integration constant. Clearly, the flow of this solution from 
the boundary leads to a singularity in the bulk. 

For the solution with AdS2 x S"^ at its horizon, the near-horizon behavior is given 

by 

e^" = i22r2(l + cr + ...), e'^ = ^{1 - § cr + ■ ■ ■) , = {1 +^^cr + ■ ■ ■) , 

(8.13) 

where c is an integration constant. Using this as initial data, we perform numerical 
calculation. The plots are presented in Fig. 9. From the plots, we see that the solution 
runs smoothly from the AdS2 x S"^ horizon to the AdS4-like asymptotic region given 
in (8.8). 
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0.5 1 1.5 2 2.5 3 

Figure 9: e" (blue), (red), and e"^^/^ (purple) for a smooth solution running from 
AdS2 X 5*^ at the horizon to an asymptotic AdS4-type geometry, mi = 7, m2 = rris = 
1714 = —2, g = 1, and c = —1.5. 

9 String and M-theory origins 

Gauged supergravities in D = 4, 5, 6 and 7 can be obtained from consistent sphere 
reductions of M-theory, type JIB or massive type IIA supergravities. Thus, it is 
straightforward to lift our solutions back to higher dimensions and study their prop- 
erties. A particularly interesting class of solutions which we obtained are those that 
smoothly interpolate between AdS£i_2 x ^2 at the horizon and AdS^-type spacetime 
in the asymptotic region. When lifted to higher dimensions, the asymptotic region 
becomes a direct product of AdSi) with a relevant sphere ^. On the other hand, the 
horizon region becomes a warped product of AdS£i_2 with an internal metric that is 
an bundle over S"^ for p = 4,5 and 7. We shall look at these cases in detail. Some 
of the results have been reported in a recent letter [24]. 

9.1 D = 7 solutions embedded in M-theory 

It is straightforward to lift the AdSs x 5*^ and AdSs x solutions given by (5.12) to 
D = 11 hj using the ansatz obtained in [20]. Since the solutions for general rrii are 
■^Except in the case of massive type IIA supergravity, for which the AdSg embedding involves a 
singular warp factor [34, 35]. 
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rather complicated to present, we only consider a representative example of AdS5 x S"^ 
with mi = 5g and m2 = —3g. The M-theory metric is given by 



ds'' 



11 



1 r 
A3 



+ ^ (i dl^l + Wnl + 1^1 {d(t>i - I cos ^ diff) 
-\-diJi\ + iJi\ {d4>2 + I cos 9 difY^ I 



(9.1) 



where c = 10~^/^ and pLi are spherical coordinates which satisfy A*o + A^i + /^i — 1- 
The warp factor A, which is not to be confused with the dilaton coupling parameter 
in section 3, is given by 



A = c {Afil + 5f4 + 1x1) >0. 



(9.2) 



The AdSs metric is given by 



2p 



ds^dSs — e R dx'^ dx^ + dp , 



(9.3) 



where the AdS radius is R = Note that, for all lifted solutions, g is defined as in 
sections 4-7. 

The case of mi — 1712 provides an example of AdSs x H'^ which is easily embedded 
in M-theory. The corresponding eleven-dimensional metric is given by 



dsj-^ = A3 



'3N-4/5J_, 



cos^ tpi [di/jl + cos^'02 {d(pi — ^cosh.9 difY 



+sinV2 {dh - |cosh 9 diff^ | 
The warp factor A is given by 

A = (f)-^/W Vi + (D'/'cos^^i > 0, 



(9.4) 



(9.5) 



and the AdS radius is i? = (|)^/5 ^. 

In the above geometries, the internal space of the D — 11 metric can be viewed as 

an S'^ bundle over 5"^ or iJ^, with two diagonal U{1) bundles ^. In general, the 

^Supersymmetric AdS solutions of M-theory with internal spaces which can be viewed as 5^ 
bundles over various spaces have also been discussed in [36, 37, 38]. 
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internal metric can be labelled by the two diagonal monopole charges {qi,q2) = 
( mi+m2 ' mi +m2 ) ' spccific example of AdSs X S"^ above, {qi,q2) = (5,-3) and 

the solution is smooth everywhere. For general (mi, 7712), the metric does not have a 
power-law singularity. However, it could have a conical orbifold singularity, which is 
absent only if (51, Q'2) are integers. Since Qi satisfy the constraint 51 + 52 = 2, it follows 
that they are either both even or both odd integers. In the even case, the bundle is 
topologically trivial, whilst it is twisted for the odd case. The internal space can be 
regarded as having a generalized holonomy group [39], since it is not Ricci flat and 
involves a form field. 

The solution preserves M = 2 supersymmetry; it is a supergravity dual to an 
M — 1., D = A superconformal field theory on the boundary of AdSs. This provides 
a concrete framework to study AdS5/CFT4 from the point of view of M-theory. 

The seven-dimensional single-charge 3-brane given by (3.23) and (3.28) can also 
be lifted to M-theory. The corresponding eleven-dimensional metric is given by 

dsl^ = AV3ci4 + [h-^">A de^ + H'^^'cosH dnl + H-^'hmH {dcj>, + A^,,^] , 

^ (9.6) 

where 

A = H^/^sin^e + H-^/\os^e > , dA^,^ = Q^,-^ . (9.7) 

9.2 D = 6 solutions embedded in massive II A theory 

Using the reduction ansatz in [31, 35], it is straightforward to lift the AdS4 x S"^ and 
AdS4 X H"^ solutions given by (6.9) up to D = 10 massive IIA supergravity. The 
metric is given by 



ds 



2 
10 



11^^ Xi {XI X2) i aI ^dsl + A-i (Xq-^ di^l (9.8) 

+X{^ {d^l + {d^i + g Al^f) + X^^ {di4 + i4 {dip2 + g A'^,)'))] , 



where A = Yla=o^a l^-a > and /^o + /^i + = 1- Thus, the D — 10 metric is a 
warped product of AdS4 with an internal six-metric, which is an 5"^ bundle over 
or H^, depending on the charge parameter p according to the rule (6.10). 

As an example of a supersymmetric, though singular, compactification of AdS4 
from massive IIA theory, we can take mi = 7g, m2 — —5g and a negative sign in 
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(6.9). This gives Xq = 6c, Xi = 7c and X2 = c, where c = 6-^/"^ 7-^/^. Also, 
Aj^j = —^cosOdip, A^-^j = j^cosO dLp and the radius of AdS4 is given hjR= \/{Acg). 
On the other hand, mi = m2 provides an embedding of AdS4 x in massive IIA 
theory. 

The six-dimensional single-charge membrane given by (3.23) and (3.32) can also 
be lifted to massive IIA theory. The corresponding ten-dimensional metric is given 

by 



dsl^ = {cosecosipy/^^H^/'^lA^/'dsl + 



1 



^2^5/8 



H-^/''Ade^+ 



where 



H^l^cosH dQl + H-^^We {d(t>i + A(i))'] ) , 



(2) . 



Note that the overall warping factor depends on two internal coordinates. 



(9.9) 
(9.10) 



9.3 D = b solutions embedded in IIB theory 

The AdSs x 5"^ and AdSa x H"^ solutions given by (7. 14) can be lifted to ten-dimensional 
IIB theory with the reduction ansatz obtained in [20] . Since the solution with general 
rrii is complicated to present, we consider a simpler case with m2 = mi. The ten- 
dimensional metric is 



dslo 



mi 



)'/mqrdnl + de') 



ms — 2mi 

+g-^ A-^ ^,Qg2 Q ^^^2 ^ g.^2 ^ ^^^^ ^ 1^^ ^^^^^,2 

+ cos^ t/j {d<p2 + Iqi ^(1))') + c'/' sin^ 9 {d<ps + ^qs ^(d)'] } , (9.11) 



where 



mi 



2mi — ms 



d<? 



.2p 



{-dr + dx^) + dp^ , 



A = c^/^ cos^ 9 + sin^ ^ > , 

2mi 



(2) ) 



R 



(9.12) 



g {Ami — iTT's) c^/^ 

We have introduced the charge parameters Qi — 2mi/{mi-\-m2-\-m^), and hence they 
satisfy the constraint Q'l + q'2 + ?3 = 2. In the above solution, if \m^\ < 2|mi|, we 
should have e — —1, corresponding to if^; if jmsl > 2|mi|, we should have e — 1, 
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corresponding to S'^. In general, the internal metric is an S'^ bundle over S'^ or H^, 
depending the values of the according to the above rules. 

It is especially simple to lift the five-dimensional equal-three-charge string given 
by (2.15), due to the absence of scalars. The corresponding ten-dimensional metric 
is given by 



ds'in = dsi + \ 
9^ 



de^ + cos'^e (di/j^ + sinV((i0i + ^A^^^f 



(9.13) 



where dA^^^ — fi(2) . 

For the five-dimensional three-equal-charged string with a nontrivial dilaton, given 
by (7.10), the corresponding ten-dimensional metric is 



dslo = VKdsl + 



H-^'\os^e(d'il^'' + sinV(rf02 + \A^,)f + cos'V'(#3 + ^^d))')] > (9-14) 



where 



(9.15) 



For five-dimensional single-charge string given by (3.23) and (3.34), the corre- 
sponding metric is 

1 



dslo = VAdsl+ 



where A and are given by (9.15). 



H^/^Ad9^+H-^/hos''9dnl+H^/hm''9{d(f)3+A^,^f , (9.16) 



9.4 D = 4 solutions embedded in M-theory 

We use the reduction ansatz obtained in [20] to lift the AdS2 x and AdS2 x 
solutions given by (8.9) back to D = 11, with the metric 



dsl, = A^/3{ 



"^"^^^^ + (mi + 3m2)/^^ 



+ A An 



mi + 3m2 



(1); 



+e^<^^fe + //,2(d4 + 



i=l 



A, 

nil + 3m2 



(9.17) 
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where 



A = (e5'^-e-5<^)//? + e-5'^ > 0, d^^) = , ds 
2 r2(mie-i'^ + 3m2e5'^) 



2 

AdSa 



R 



■sinh(7:) + e2'' + 3e"2<' 



(9.18) 



777.2 — mi 6 

In general, the nine-dimensional internal metric is an S*^ bundle over S'^ or if^, de- 
pending the values of the m^. This is an especially interesting example of a space 
with generalized holonomy group, since nine-dimensional Ricci-flat manifolds do not 
have an irreducible special holonomy group. 

The four-dimensional single-charge black hole given by (3.26) and (3.36) can also 
be embedded in M-theory, with the corresponding eleven-dimensional metric 



ds 



- A'/'dsl + ^^[{l + {H-'/' - l)sin^ecosV)rf^'+ 



cos^^ (l + {H-^''^ - l)sinV) V + - l)sin(2^) sin(2(/?) dOd^^ 



(9.19) 



where 



A = //-^/^(sin^^ + cos^e sinV) + H^^'^cos^O cosV > , = Q 



(2) 



(9.20) 



10 Conclusions 

We have investigated a large class of supersymmetric magnetic brane solutions sup- 
ported by f/(l) gauge fields in gauged supergravities of dimensions 4 < D < 7. We 
have obtained first-order equations by using a superpotential approach. These equa- 
tions admit stationary AdS£)_2 x solutions, where can be 5"^ or H'^ depending 
on the values of the C/(l)-charges. The C/(l)-charges satisfy the condition 

gi + g2 + - + = 2. (10.1) 

For D = 7 and 6, a maximum of two U{1) charges are allowed and the rule for having 
5*^ or can be clearly summarized by (5.13). For D — 5 and 4, the maximum 
number of charges can be 3 and 4, respectively, and the complete rule remains to 
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be specified, although we have obtained exphcit examples of and H^. Such con- 
straints show that magnetic branes in AdS gauged supergravity are rather different 
from those in ungauged supergravities since, for the latter case, charges are uncon- 
strained integration constants. The radius of AdSi3_2 depends on the L>-dimensional 
cosmological constant and (n — 1) charge parameters. 

The fraction of supersymmetry preserved by our brane solutions is the same as for 
those in ungauged supergravities, and depends on the number of U{1) field strengths 
involved. Embedded in maximal supersymmetric theories, the preserved fraction of 
the supersymmetry is 2~^, for A?^ = 1, 2, or 3 field strengths. In the case of A^ = 4, 
the introduction of the fourth field strength does not break further supersymmetry 
and hence the preserved fraction is 1/8. 

Our first-order equations support two types of solutions that run from the afore- 
mentioned stationary ones. The first type has a geometry which approaches AdSi3_2 x 
ft^ in the asymptotic region and the solution runs into a singularity at small dis- 
tance. The second type, which is more interesting, has a near-horizon geometry of 
AdS£)_2 X and smoothly runs to an AdS^-type geometry (1.1) in the asymptotic 
region. The non-constant scalar fields are bounded. This implies the existence of 
a large class of conformal field theories in diverse dimensions whose renormalization 
group fiows from the UV conformal fixed point to the IR conformal fixed point. The 
fact that, from the same set of equations, AdS£)_2 x fl'^ arises as the horizon geometry 
in one type of solution and the asymptotic geometry in another, suggests that the 
stationary solution lies at the inflection point of the modulus space. Thus, a phase 
transition can occur, determining whether the system runs into a singularity or an 
AdS/j-type metric. 

The asymptotic AdS^-type geometry of the second type of solution has a boundary 
of Minkowski £)_3 x Q"^. The case of D = 7 arises as a vacuum solution of a six- 
dimensional gauged supergravity constructed in [23]. This vacuum solution is of 
particular interest since the SU (2) Yang-Mills field can be obtained from the internal 

without introducing a non- vanishing cosmological constant. Similar possibilities 
have also been observed for and brane-world Kaluza-Klein reduction of string 
theory [40]. However, unlike these present solutions, the reduction discussed in [40] 
is non-supersymmetric and singular. Of course, the asymptotic AdS/j-type geometry 
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(1.1) is not an exact solution everywhere, since it runs to AdSs x S"^ in the bulk. 
We do not expect that there exists a consistent Kaluza-Klein reduction of D = 7 
gauged supergravity to the D = 6 theory of [23]. Rather, the latter theory should 
be viewed as the effective theory only at the boundary of our solutions. Since there 
are also solutions that smoothly run from AdS5 x H"^ to an AdSy-type geometry 
with the boundary Minkowski4 x H^,we expect that there exists an effective gauged 
supergravity theory in D — 6 that admits such a vacuum solution. 
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